Abstract. In this paper, we consider the classical variational problem in the Galilean space. we develop the Euler-Lagrange equations for a elastic line on an oriented surface in the Galilean 3-dimensional space G 3 . Using the variation method, we will try to give some characterization for the solution curve (the elastic line) of energy equation described by the total squared curvature function of a curve on an oriented surface in G 3 . Finally, we will investigate whether or not the relaxed elastic curves are on a geodesic.
Introduction
There has been in recent years a wide variety of applications of variational methods to various fields of mechanics and technology. Calculus of variation is an important theory which has common applications in geometry, analysis, physics, chemistry and engineering. Variation method is used to find the maxima or the minima of expressions involving unknown functions called functionals. Therefore, the main problem in the calculus of variations is to minimize (or maximize) not only functions but also functionals. For instance; a typical variational problem is to find the fixed length l of a curve joining two points on a surface. The Euler-Lagrange equations is used for the solution of the problem.
In this paper, we will first define the total squared curvature function for a curve in a Galilean space. Using the variation method, we will try to give some characterization for the solution curve (the relaxed elastic line) of energy equation described by the total squared curvature function of a curve on an oriented surface in Galilean space. Finally, we will investigate whether or not the relaxed elastic curves are on a geodesic.
There has been in recent years a wide variety of applications of variational methods to various geometries. For instance, several geometers were interested in studying of calculus of variations in Euclidean Space [9, 11, 16, 19] . Nevertheless, similar applications of this theory in Minkowski space can be found in [?] . The main point of the studying the variation calculus is defining the Euler-Lagrange equations for a relaxed elastic line on an oriented surface.
The natural variational integrals in geometry are the common integrals on space curves α (s). These include the length L (α) = ds, total squared curvature K (α) = κ 2 ds used in [9, 11] , total squared torsion T (α) = τ 2 ds used in [?, 16] and the integral H (α) = κ 2 τ ds used in [15] . An elastic line of length l is defined as a curve with associated energy equation K = l 0 κ 2 (s) ds by Nickerson and Manning in [11] , where s is the arc-length along the curve, κ 2 (s) is the square curvature in there. The integral K is called the total square curvature. If no boundary conditions are imposed at s = l, and if no external forces act at any s, the elastic line is relaxed, [manning,nickerson]. Hilbert and Cohn-Vossen stated in [6] that a relaxed elastic line with specified position and tangent at s = 0 always has the trajectory of a geodesic. However, Manning have proved in [9] that the conslusion of Hilbert and Cohn-Vossen is incorrect. Manning in [9] has obtained Euler-Lagrange equations of the relaxed elastic line on an oriented surface as a model of DNA molecule.
Besides Euclidean Geometry, a range of new types of geometries have been invented and developed in the last two centuries. They can be introduced in a variety of ways. One possible way is through projective manner, where one can express metric properties through projective relations. Among these geometries, there is also Galilean geometry which is our matter in this paper.
In literature, there is very ? study on relaxed elastic line on an oriented surface in Galilean space G 3 . Gokce and Sahin in [5, 15] have obtained intrinsic equations of the relaxed elastic line on an oriented surface in G 3 for different energy functions. However, Gokce and Sahin in [5, 15] have not use variation method. Hence, in literature, there is no any study that using of variation method on the relaxed elastic line on an oriented surface in G 3 .
Therefore, firstly, we will derive the Euler-Lagrange equations for a relaxed elastic line on an oriented surface in G 3 . Hence, we have proved in this paper that the conslusion of Hilbert and Cohn-Vossen is incorrect in G 3 . The main result of this paper is Theorem 2. We describe the geometric meaning of Theorem 2 in section 4.
Preliminaries on Galilean Geometry
"All geometry is projective geometry." (A. Cayley). From A. Cayley point of view, G 3 is a real 3-dimensional projective space P 3 (R), is the set of equivalence classes of ∼ on R 4 − {0} by equivalence relation x ∼ y iff xλy for some λ ∈ R\{0}. Thus, P 3 (R) obtained as a factor space on R 4 \{0} by ∼, i.e.
. We can think of P 3 (R) more geometrically as a set of lines through the origin in R 4 . G 3 is a real Cayley-Klein space equipped with the projective metric of signature (0, 0, +, +), as showed in [10] . The absolute of the Galilean geometry is an ordered triple {w, f, I}, where w is the ideal (absolute) plane, f is the line (absolute line) in w and I is the fixed elliptic involution of points of f . The points, the lines and the planes of P 3 (R) are the one-dimensional, two-dimensional and three-dimensional subspaces of R 4 , respectively [1] . Therefore, G 3 contains R 3 as a proper subset and the complement in G 3 to w is diffeomorphic to R 3 . Let P be any point of R 3 with affine coordinates (x, y, z). Write (x, y, z) as (
), where X 0 is some common deminator. Call (X 0 , X 1 , X 2 , X 3 ) the homogeneous coordinates of P . Thus, the homogeneous coordinates (X 0 : X 1 : X 2 : X 3 ) and ρ(X 0 : X 1 : X 2 : X 3 ) refer to the same point for all ρ ∈ R − {0} , [1] . Now,we can introduce homogeneous coordinates in G 3 in such a way that the absolute plane w is given by X 0 = 0, the absolute line f by X 0 = X 1 = 0 and the elliptic involution I by (0 : 0 : X 2 : X 3 ) → (0 : 0 : X 3 : −X 2 ).
In the nonhomogeneous coordinates the isometries group B 6 has the form
where a, b, c, d, e and ϕ are real numbers. The group of motions of G 3 is a sixparameter group [12] . The Galilean norm of the vector v = (x, y, z) defined by
A vector v = (x, y, z) is said to be non-isotropic if x = 0. All unit non-isotropic vectors are of the form (1, y, z). For a curve α : I → G 3 , I ⊂ R parametrized by the arc-length parameter s = x, given in the coordinate form
the curvature κ (x) and the torsion τ (x) are defined by
and the associated moving trihedron is given by
The vectors T (x) , N (x) and B (x) are called the vectors of the tangent, principal normal and the binormal line, respectively [12, 14] . Therefore, the Frenet-Serret formulas can be written in matrix notation as
For any regular curve α the following formulas hold:
Here,the Galilean cross product × G is defined by
as in [20] .
For more facts about the Galilean geometry, we refer the reader to [5, 12, 13, 15, 17, 18, 20] and references therein. Theorem 1. Let S be a surface in G 3 and α be a curve on S. At a point α(x) of α, let T denote the unit tangent vector of α at α(x), n the unit normal to S and n × G T = Q the tangential-normal. Then {T, Q, n} is an orthonormal basis at α(x) in S. This frame is called Galilean Darboux frame or tangent-normal frame. The Frenet-Serret formulas the for the Galilean Darboux frame can be written in matrix notation as
where κ g ,κ n , τ g are geodesic curvature, normal curvature and geodesic torsion, respectively.
Eq.(2.10) implies the important relation
n where κ 2 is the square curvature of α.
Proof. It is clear? (2.7) and (2.10) implies the important relation.
We shall treat a C 3 -surface, r ≥ 1, as a subset S ⊂ G 3 for which there exists an open subset D of R 2 and a C 3 -mapping ψ :
is called regular if ψ is an immersion, and simple if ψ is an embedding. Therefore, the oriented surface S represented by ψ( u 2 ) ). Here X, Y and Z are the coordinate functions of ψ . A unit normal field of surface at a point p is defined by
where
In a tangent plane of the surface at the point p, there is a unique isotropic direction defined by the condition
is a unit isotropic vector in a tangent plane. The curve α on the oriented surface S is specified by ψ(x) = ψ(u 1 (x), u 2 (x)). Then the unit tangent vector along α is (2.12)
where u 1 = du1 dx and u 2 = du2 dx . The first fundamental form of a surface is introduced in the following way
where (2.14)
Since T.T = 1, we have a constraining relation between any pair of functions (u 1 (x) , u 2 (x)) that define the curve α on the surface S :
g ijuiuj , and g 1 = X 1 , g 2 = X 2 and g ij = g i .g j , i, j = 1, 2, where g ij , i, j = 1, 2, are the coefficients of the first fundamental form. The normal curvature can be expressed in terms of the coordinates (u 1 (x) , u 2 (x)) along the curve α as
where L 11 , L 12 and L 22 are the coefficients of the second fundamental form II and the normal components of ψ 11 , ψ 12 and ψ 22 , respectively. It holds
Similarly, for the geodesic torsion τ g we have
On the other hand, the square geodesic curvature can be obtained as
and the quantities Γ i kl are the Christoffel symbols of the second kind; available formulas are expressed as functions g ij , and their first partial derivatives with respect to u i . Furthermore, the Christoffel symbols can be written as follows:
Hence, the equations of a geodesic curve, which is characterized by identically vanishing κ g , must be given by γ i = 0, and indeed they are [4] .
The incomplete and complete variational problems
Now we can give the definition of elastic line on an oriented surface S in G 3 .
3.1.
The incomplete variational problem. Definition 1. Let α be a C 2 -curve with parametrized by arc-length x, 0 ≤ x ≤ ℓ, on an oriented surface S in G 3 . An elastic line of length ℓ is defined as a curve with associated energy
where κ 2 is the square curvature of the curve α [9] . The integral K is called the total square curvature. Therefore, the arc α is called an elastic line if it is an extremal for the variational problem of minimizing the value of K with in the family of all arcs of length ℓ on S, having the same initial point and initial direction as α.
The pertinent problem is to identify that curve in a family of curves of fixed length ℓ which has the least total square curvature. In general the minimizing curve is not a geodesic line. It is a geodesic line, however, in the circumstances described below. Let
and let α be the curve that minimizes K n among all curves of length ℓ on a surface S.
For any curve α that minimizes K n on S, if α is geodesic line, then the geodesic curvature κ g identically vanishes. Hence K = K n . We call this problem incomplete because it seeks to minimize K n , not the total square curvature K. If a curve that minimises K n is a geodesic, then the curve is minimise K. Therefore, the relaxed elastic curve lie on a geodesic trajectory. Through κ 2 n has a dependence on u 1 , u 2 ,u 1 andu 2 . Therefore, the Euler-Lagrange equations for the incomplete variational problem are
and λ = λ (x) is a Lagrange multiplier function. Equations (3.3), (3.4) and (3.5) are a system of three equations to determine the three functions u 1 (x), u 2 (x) and λ(x). Equations (3.3, 3.4) and (3.5) are second order in u 1 , u 2 and first order in λ. Therefore, the system is fifth order. To get the system in normal form, Eq. (2, 15) must be differentiated one times with respect to x. Reintegration of g ′ = 0 gives that the constant of integration equal unity. The other four constants of integrations in the general solution are determined by the boundary conditions. We turn now to the boundary conditions at x = 0 and x = ℓ that determine the other four constants of integration of the equations. This conditions are Therefore, the four constants of integration are now determined by above two equations.
3.2. The complete variational problem. If a curve that minimises K n is not a geodesic, then the curve is or not minimise K. Therefore, the incomplete variational problem is not anything say about the relaxed elastic curve that minimises K. In this case, we have no choice but is to find the curve that minimises the integral
The relaxed elastic curve that is not a geodesic curve is one of solutions of the complete variational problem. Through κ 2 n + κ 2 g has a dependence on u 1 , u 2 ,u 1 ,u 2 ,ü 1 andü 2 . Therefore, the Euler-Lagrange equations for the complete variational problem are
with the constrain g = 1 given by Eqs. (2.15), (2.16) and λ = λ(x) again a Lagrange multiplier function to be determined in the course of solving the system of differential equations, then we call this variation problem complete because it seeks to minimize the total square curvature. Equations (3.9), (3.10) and (3.11) are a system of three equations to determine the three functions u 1 (x), u 2 (x) and λ(x). Equations (3.9) and (3.10) are fourth order in u 1 , u 2 and first order in λ. Therefore, the system is of order nine. To get the system in normal form, Eq. (2.15) must be differentiated three times with respect to x. Reintegration of g ′′′ = 0 gives the respective fixed values 0, 0, and 1 to the resulting three constants of integration. The other six constants of integrations in the general solution are determined by the boundary conditions. Because the side condition Eq. (2.15) does not involvë u 1 andü 2 , the boundary terms of the variation are not determined in the usual straightforward way. We nevertheless find the following six boundary terms if Eq. (2.15) can be solved foru 2 as a function of u 1 , u 2 , andu 1 to giveu 2 = U 2 (u 1 , u 2 ,u 1 ):
On the other hand, if U 2u 1 is singular, then we must use a different set of six boundary terms, after solving Eq. (2.15) foru 1 = U 1 (u 1 , u 2 ,u 2 ):
Suppose that we place no restrictions at all on the elastic line other than confinement to the surface. Then six integration constants are determined by setting equal to zero each of the six factors multiplying δu 1 , δu 2 , and δu 1 in the "U 1 boundary terms," or those multiplying δu 1 , δu 2 , and δu 2 in the "U 2 boundary terms." These boundary conditions are completely natural (free) [9] .
If natural conditions are allowed to prevail at x = ℓ, but the initial position and direction of the elastic line are specified, then we get a different set of equations to determine the six integration constants. We illustrate with the U 2 boundary terms. Three boundary conditions are obtained by setting equal to zero each of the three factors multiplying δu 1 , δu 2 , and δu 1 , with the factors evaluated at x = ℓ. Two more boundary conditions are specified by the values of u 1 and u 2 at x = 0: u 1 (0) = u 10 , u 2 (0) = u 20 . The unit tangent vector T (x) at any point x of the curve is given by φ u1 (u 1 , u 2 )u 1 (x) + φ u2 (u 1 , u 2 )u 2 (x), and so the initial tangent T (0) = φ u1 (u 10 , u 20 )u 1 (0) + φ u2 (u 10 , u 20 )u 2 (0). Specifications ofu 1 (0) =u 10 therefore completely determines the initial direction, sinceu 2 (0) is then fixed at the value U 2 (u 10 , u 20 ,u 10 ). Thus, the required sixth boundary condition is thatu 1 (0) have a specified value.
Elastic Lines On Some Surfaces in Galilean Space
4.1. Elastic lines on Galilean plane. Let S be a Galilean plane. Then, for the coefficients of the first and second fundamental forms we have
Thus, we obtain Γ j kl = 0, 1 ≤ i, k, l ≤ 2. Therefore, we can say that the normal curvature κ n and the geodesic torsion τ g of any curve on S vanish in all points of this curve from Eq.(2.17). In particular, any geodesic line on the plane minimizes K n (giving to it the value zero), Hence, the curve minimizes K. Therefore, the relaxed elastic lines on Galilean plane lies along a geodesic line.
It follows from Eq.(2.21) that the differential equations of geodesic curves on a plane become u 
4.2.
Elastic lines on Galilean sphere. Non-isotropic Galilean unit sphere is defined a set of non-isotropic unit vectors in Galilean space. Therefore, Non-isotropic Galilean unit sphere is described as set of points (±1, y, z) , i.e. is two parallel plane given by x = ±1. The non-isotropic Galilean unit sphere with parametrization is obtained by ϕ(u 1 , u 2 ) = (±1, u 1 , u 2 ). Its first fundamental form is given by
Then, the coefficients of the first and second fundamental forms are
Thus, we obtain Γ j kl = 0, 1 ≤ i, k, l ≤ 2. Therefore, we can say that the relaxed elastic line on the Galilean sphere assumes the form of a straight line.
4.3.
Elastic lines on a cylinder. Let M be the cylinder over a curve C : f (y, z) = c in the yz plane. If α = (0, α 1 , α 2 ) is a parametrization of C, we assert that
, we obtain the following coefficients We obtain following H for the incomplete variational problem from Eq.(2.16) and (3.5)
Therefore, we get from the Euler equations (3.3) and (3.4), and also (3.6)
Therefore, we have the system of three differential equations for u(x), v(x), and
where Eq.(4.4) is side condition Eq.(2.15) for any curve on a cylinder. Hence, any solution of this system automatically satisfies the boundary conditions. From Eq.(4.4), we have u(x) = ±x + b. We must choose λ = 0 and v = const. to satisfy Eq.(4.2) and (4.3). Hence, all solutions of this system are any vertical generator u(x) = ±x + b, v = const. together with λ = 0. From Eq.(4.1) the total normal curvature is zero for a vertical generator, and this solution provides a minimum for K N . In the same time, the vertical generator is a geodesic on cylinder. Consequently, we can say that minimum-energy trajectory on a cylinder adopts the form of a vertical generator. That is, a relaxed elastic line on cylinder is lying on a geodesic. Now, we examine the complete variational problem. In this case, we have following H for the complete variational problem from Eq. where p ∈ IR. By substituting p = 0, the Euclidean rotations about the x−axis are described, and obtained surface is a surface of revolution. Since a plane curve α can lie in a Euclidean or in a isotropic plane, we treat these two cases separately. Let a plane curve α, given by γ(v) = (0, f (v), g(v)), where f, g ∈ C 2 , be an admissible curve in a Euclidean plane. If α undergoes the screw motion, the helical surface H p with parametrization is obtained by ϕ(u, v) = (pu, f (v) cos u + g(v) sin u, −f (v) sin u + g(v) cos u).
Its first fundamental form is given by
It is convenient to assume that the curve α is parametrized by the Euclidean arc length, that is, f ′2 + g ′2 = 1. Then, the coefficients of the first and second fundamental forms are g 11 = p 2 , g 12 = 0, g 22 = 0,
